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Recall that CH, the Continuum Hypothesis, is the assumption that 2ω = ω1. Several topological statements equivalent
to CH are known in the literature. Thus CH is equivalent to the assumption that every Parovicˇenko space of weight c is
homeomorphic to ω∗ ([9,3], see [6, 3.12.18(e)]; a Parovicˇenko space is a zero-dimensional compact space without isolated
points in which every pair of disjoint open Fσ -sets has disjoint closures, and every nonempty Gδ-set has nonempty interior,
see [6, 3.12.18]). Another example: CH is equivalent to the assumption that every uncountable CCC Baire space of π -weight
 c without isolated points contains a Lusin subspace of cardinality c [4] (a Luzin space is an uncountable space in which
every nowhere dense set is countable). Here we present one more result of this sort.1
We are going to prove a little more than stated in the abstract; to state a more general result, we need some preliminar-
ies. Recall that a subspace Y of a space X is relatively Lindelöf in X if every open cover of X contains a countable subfamily
that covers Y [2]. A space X is functionally countable [11,13] if for every continuous f : X → R, f (X) is at most countable;
X is 1-FS if it contains a dense functionally countable subspace [7] (FS is an abbreviation for “Functionally Separable”);
X is 2-FS if it contains a dense subspace Y such that for every continuous f : X → R, f (Y ) is at most countable [7]; X is
3-FS if for every continuous f : X → R, there is a dense Y ⊂ X such that f (Y ) is at most countable [7]. For a topological
space (X,T ), the Gδ-topology is the topology Tδ on X generated by Gδ sets of T ([8], here we use different notation). Since
ﬁbers of continuous functions are Gδ-sets, if a space is Lindelöf with respect to Tδ , then it is functionally countable with
respect to T , see [8]. When discussing X = 2κ , unless otherwise stated, all properties will be considered with respect to the
Tychonoff product topology T .
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1 The referee has found the comparison between the result of this paper and the results from [9,3,4] not entirely correct because “it comes as no surprise
that the CH inﬂuences the behavior of such spaces [as dense pseudocompact subspaces in 2c or Ic – M.M.] (for example the CH decides wether or not
dense subspaces of 2c have weight ω1)”.0166-8641/$ – see front matter © 2010 Elsevier B.V. All rights reserved.
doi:10.1016/j.topol.2010.02.013
1212 M. Matveev / Topology and its Applications 157 (2010) 1211–1214Theorem 1. The following conditions are equivalent:
(1) CH.
(2) Every dense pseudocompact subspace of 2c contains a dense subspace which is Lindelöf with respect to Tδ (and thus this
subspace is both Lindelöf and functionally countable with respect to T ).
(2L) Every dense pseudocompact subspace of 2c contains a dense Lindelöf subspace.
(2RL) Every dense pseudocompact subspace X of 2c contains a dense subspace Y such that Y is relatively Lindelöf in X.
(21-FS) Every dense pseudocompact subspace of 2c is 1-FS.
(22-FS) Every dense pseudocompact subspace of 2c is 2-FS.
The proof of Theorem 1 is based on the well-known property of dense pseudocompact subsaces of the products “to
ﬁll all countable faces” (see Theorem 2 below, and a remark after it) and a variation of constructions by Reznichenko and
Shakhmatov.
Theorem 2. ([5], see [1, Lemma 1.2.6]) Let X ⊂ IA be a dense subspace. Then X is pseudocompact iff for every countable C ⊂ A,
πC (X) = IC .
It is easy to see that the same is true for a dense subspace in any product of compact metrizable spaces, and thus in
particular for 2κ .
Theorem 3. (Reznichenko [12]) There is a dense pseudocompact subspace X in Ic such that |X | = c and for every Z ⊂ X with |Z | < c,
Z is closed in X and discrete.
Reznichenko’s elegant construction translated for 2c is the following: Let c =⋃{Aα: α < c} be a partition each element
Aα of which has cardinality c. Put Q =⋃{2B : B ⊂ c and |B|ω}, and enumerate Q = {qα: α < c}. For α < c deﬁne xα ∈ 2c
by
xα(a) =
⎧⎨
⎩
qα(a) if a ∈ dom(qα),
1 if a ∈ Aα \ dom(qα),
0 if a /∈ Aα ∪ dom(qα).
Then X = {xα: α < c}.
Reznichenko noted that his example has pseudocharacter ω1 [12], Pavlov noted that Reznichenko’s example is meta-
Lindelöf [10].
Theorem 4. (Shakhmatov [14], see also [1, 1.2.5]) For every cardinal τ  c, there is a dense pseudocompact subspace X in Iτ such that
every countable subset Z ⊂ X is closed in X, discrete, and C∗-embedded.
Reznichenko noted in the end of [12] that his construction can be modiﬁed to get additional properties in the spirit of
Shakhmatov’s theorem. Here we consider such a variation; we are going to use it in the proof of Theorem 1.
Proposition 5. There is a dense pseudocompact subspace X in 2c such that |X | = c, and for every Z ⊂ X, if |Z | < c then Z is closed in
X and discrete, and there is a countable A ⊂ c such that the projection πA restricted to Z is one-to-one.
Proof. Let c =⋃{Aα: α < c} ∪⋃{Bγ : γ < c} be a partition such that each Aα has cardinality c and each Bγ has cardinal-
ity ω. Let Q be like in Reznichenko’s construction. For each γ ∈ c, enumerate the points of 2Bγ as {yγ ,α: α < c}. For α < c
deﬁne xα ∈ 2c by
xα(a) =
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
qα(a) if a ∈ dom(qα),
1 if a ∈ Aα \ dom(qα),
0 if a ∈ Aβ \ dom(qα) where β = α,
yγ ,α(a) if a ∈ Bγ \ dom(qα).
Put X = {xα: α < c}. That X is dense in 2c and pseudocompact follows from the remark after Theorem 2 and the ﬁrst line
in the deﬁnition of xαs. Now, let Z ⊂ X , |Z | < c, and let p ∈ X \ Z . Put C =⋃{dom(qα): xα ∈ Z ∪{p}}. Then |C | < c. We have
p = xα∗ for some α∗ . Pick a ∈ Aα∗ \ C . Then p(a) = 1 and z(a) = 0 for all z ∈ Z . So p /∈ Z . So every subset of X of cardinality
< c is closed and therefore every subset of X of cardinality < c is discrete.
Next, since |C | < c there is γ such that Bγ ∩ C = ∅. So, for z ∈ Z , if z = xα , then πBγ (z) = yγ ,α . It follows that the
projection of Z onto 2Bγ is one-to-one. 
The next proposition will provide another part of the proof of Theorem 1.
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topology Tδ .
Proof. On the set F of all ﬁnite partial functions from ω1 to 2 consider the partial order  deﬁned by f  g iff dom( f ) is
an initial interval of dom(g) and gdom( f ) = f . This makes the poset (F ,) a tree the root of which is ∅, the function with
empty domain.
For each f ∈ F , we will deﬁne a point x f ∈ X by induction on |dom( f )|. Pick x∅ arbitrarily. Now assume that n > 0
and xg have been deﬁned for all g with |dom(g)| < n. Let |dom( f )| = n and let α be the greatest element of dom( f ).
Let h be the immediate predecessor of f with respect to the order . Deﬁne the function ϕ f : [0,α] → 2 by ϕ f (γ ) =
xh(γ ) for all γ < α and ϕ f (α) = f (α). By Theorem 2, there is x ∈ X with x[0,α] = ϕ f . Put x f = x. Finally, put F0 =
{∅} ∪ { f ∈ F : 0 ∈ dom( f )} and Z = {x f : f ∈ F0}. It follows from the construction that x f dom( f ) = f . Since the points of Z
extend all elements of F , Z is dense in 2ω1 .
We will show that (Z ,Tδ |Z ) is Lindelöf. Let U be a cover of Z by basic open sets of (2ω1 ,Tδ). For f ∈ F0 pick
U f ∈ U with x f ∈ U f . Let f˜ be the partial function with countable domain that generates U f (this means that U f =
{h ∈ 2ω1 : hdom( f˜ ) = f˜ }). Without loss of generality we assume that dom( f˜ ) ⊃ dom( f ). We will deﬁne a strictly increasing
sequence of countable ordinals (αn: n ∈ ω) by induction. Let α0 = sup(dom(∅˜)) (where, as before, ∅ is the ﬁnite function
with empty domain; if dom(∅˜) = ∅, then {U∅} covers Z and there is nothing else to do). Now suppose n ∈ ω and αm have
been deﬁned for all m n. Put Gn+1 = { f ∈ F0: dom( f ) ⊂ [0,αn]} and αn+1 = sup(⋃{dom( f˜ ): f ∈ Gn+1}) + 1 (sup makes
sense since Gn+1 is countable). Put α∞ = sup{αn: n ∈ ω}. Then V = {U f : dom( f ) ⊂ [0,α∞]} is a countable subfamily of U .
We want to show that V covers Z . Since (F0,) is a subtree of (F ,) with the same root ∅, and x∅ ∈ U∅ ∈ V , it suﬃces
to check the following:
Claim. If f , g ∈ F0 , f is the immediate predecessor of g with respect to , and x f ∈⋃V , then xg ∈⋃V .
There is α such that dom(g) = dom( f ) ∪ {α}. If α < α∞ then α < αn for some n ∈ ω and thus xg ∈ Ug ∈ V .
If α  α∞ , then xg(γ ) = x f (γ ) for all γ < α∞ , in particular, for all γ ∈ dom(h˜) for every h with Uh ∈ {V}. So x f and xg
belong or do not belong to the same elements of V . Since x f belongs to some, so does xg . This proofs the claim and the
Lindelöfness of (Z ,Tδ |Z ). 
Proof of Theorem 1. (1) ⇒ (2) follows from Proposition 6. The implications (2) ⇒ (2L) ⇒ (2RL) and (2) ⇒ (21-FS) ⇒ (22-FS)
are obvious.
(2RL) ⇒ (1) and (22-FS) ⇒ (1): Let X be the space from Proposition 5 and Y a dense subspace of X . Obviously, Y
is uncountable. Pick Z ⊂ Y with |Z | = ω1. Assume ¬CH. Then Z is a closed and discrete subspace of X . The open cover
{{z} ∪ (X \ Z): z ∈ Z} of X witness that Y is not relatively Lindelöf in X . On the other hand, there is a countable A ⊂ c such
that πA(Z) is uncountable and thus πA(Y ) is uncountable. Let g : 2A → R be a topological embedding. Then g ◦ πA is a
continuous function on X such that g ◦πA(Y ) is uncountable. So X is not 2-FS. 
Remark 1. I believe that in Theorem 1, instead of 2c , one can consider Ic or any product of c nontrivial compact metrizable
factors; I decided to consider 2c because this makes notation more transparent.
Remark 2. Pseudocompactness in condition (2) of Theorem 1 cannot be dropped. It is easy to construct a dense subspace of
2ω1 that does not contain a dense Lindelöf subspace.
Indeed, let C be a dense countable subspace in 2ω1 such that (1) every point of C has uncountably many coordinates
equal to 0, and uncountably many coordinates equal to 1. (It is easy to see that a C with this property exists.)
For c ∈ C and α < ω1, deﬁne xc,α ∈ 2ω1 by xc,α(γ ) = c(γ ) for γ < α and xc,α(γ ) = 1 for γ  α. Put Sc = {xc,α: α < ω1}.
It follows from (1) that Sc is uncountable, Sc ∩ C = ∅, and a rutin check shows that Sc is homeomorphic to ω1 with order
topology while (2) Sc ∪ {c} is homeomorphic to ω1 + 1 with order topology. It follows that (3) every Lindelöf subspace of
Sc is countable.
Put X =⋃{Sc: c ∈ C}. Then X ⊃ C so X is dense in 2ω1 .
If Y ⊂ X is dense then Y is uncountable. Indeed, otherwise there were α such that y(α) = 1 for all y ∈ Y . So Y ∩ Sc is
uncountable for some c. So by (3) Y ∩ Sc is not Lindelöf. But it follows from (1) and (2) that Sc is closed in X . So Y is not
Lindelöf.
Remark 3. The original Reznichenko’s theorem was stated in a more general form than Theorem 3 above: if κω = κ then
there is a dense pseudocompact subspace X ⊂ Iκ such that |X | = κ and every subspace of X of cardinality < κ is closed
in X and discrete [12]. It is easy to derive from Reznichenko’s result that for κ > c, 2κ contains a dense pseudocompact
subspace without a dense Lindelöf subspace. Indeed, it is enough to consider κ = c+ .
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that for σ -compactness it does not work.
Example 7. There is a dense pseudocompact subspace X in 2ω1 that does not contain a dense σ -compact subspace.
Partition ω1 into subsets Aα (0  α < ω1) of cardinality ω1 each. For 0  α < ω1, put Xα = {x ∈ 2ω1 : x(γ ) = 1 for all
γ ∈ Aα \ α and x(γ ) = 0 for all γ ∈ ω1 \ (Aα ∪ α)}. The sets Xα are pairwise disjoint. Put X =⋃{Xα: 0 α < ω1}. Then X
is dense in 2ω1 and pseudocompact by Theorem 2. Further, any subset of X that intersects inﬁnitely many Xαs has a limit
point outside X . Indeed, every such set must contain a countably inﬁnite subset, say C , consisting of points of pairwise
distinct Xαs. Then every limit point of C must have all but at most countably many coordinates equal to zero while every
point of X has uncountably many coordinates equal to 1. It follows that every compact subspace of X is contained in the
union of ﬁnitely many Xαs, and thus every σ -compact subspace of X is contained in a union of countably many Xαs. Now
it suﬃces to show that any countable union of Xαs is not dense in 2ω1 . Let B be a countable subset of ω1. Pick β > sup(B)
and γ ∈ Aβ so that γ > sup(B). Then for every x ∈⋃{Xα: α ∈ B}, x(γ ) = 0. So {y ∈ 2ω1 : y(γ ) = 1} is a basic open set in
2ω1 that does not intersect
⋃{Xα: α ∈ B}.
Remark 5. In the conditions of Theorem 1, 1-FS or 2-FS cannot be replaced with 3-FS because for every κ , every dense
pseudocompact subspace in 2κ is 3-FS [7], moreover, every pseudocompact space with a σ -centered base is 3-FS [7].
Acknowledgements
The author expresses gratitude to Ronnie Levy, Joh Kulesza and Lars Aiken for useful discussions, and to the referee for
careful reading and remarks that helped to improve the paper.
References
[1] A.V. Arhangelskii, Topological Function Spaces, Kluwer Academic Publishers, 1992.
[2] A.V. Arhangelskii, Relative topological properties and relative topological spaces, Topology Appl. 70 (1996) 87–99.
[3] E.K. van Douwen, J. van Mill, Parovicˇenko’s characterization of βω \ω implies CH, Proc. Amer. Math. Soc. 72 (1978) 539–541.
[4] E.K. van Douwen, F.D. Tall, W.A.R. Weiss, Nonmetrizable hereditarily Lindelöf spaces with point-countable bases from CH, Proc. Amer. Math. Soc. 64
(1977) 139–145.
[5] B. Eﬁmov, R. Engelking, Remarks on dyadic spaces II, Colloq. Math. 13 (1965) 181–197.
[6] R. Engelking, General Topology, Helderman Verlag, Berlin, 1989.
[7] R. Levy, M. Matveev, Functional countability and functional separability, preprint.
[8] R. Levy, M.D. Rice, Normal P spaces and the Gδ -topology, Colloq. Math. 44 (1981) 227–240.
[9] I.I. Parovichenko, A universal bicompactum of weight ℵ, Soviet Math. Dokl. 4 (1963) 592–595.
[10] O.I. Pavlov, Reznichenko’s example is metalindelöf, preprint, 2005, talk at the 2005 Spring Topology and Dynamic Systems Conference.
[11] A. Pełczyn´ski, Z. Semadeni, Spaces of continuous functions III (spaces C(Ω) for Ω without perfect subsets), Studia Math. 18 (1959) 211–222.
[12] E.A. Reznichenko, A pseudocompact space in which only sets of complete cardinality are not closed and not discrete, Moscow Univ. Math. Bull. 6
(1989) 69–70.
[13] W. Rudin, Continuous functions on compact spaces without perfect subsets, Proc. Amer. Math. Soc. 8 (1957) 39–42.
[14] D.B. Shakhmatov, A pseudocompact Tychonoff space all countable subsets of which are closed and C∗-embedded, Topology Appl. 22 (1986) 139–144.
